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Abstract In this Letter the issue of impulsive synchronization of the Lü chaotic system is
developed. We propose an impulsive synchronization scheme of the Lü chaotic system in-
cluding chaotic systems. Some new and sufficient conditions on varying impulsive distance
are established in order to guarantee the synchronizability of the systems using the syn-
chronization method. In particular, some simple conditions are derived in synchronizing the
systems by equal impulsive distances. The proposed impulsive synchronization scheme is
applied to the Lü chaotic system and the numerical example demonstrates the effectiveness
of the method. The boundaries of the stable regions are also estimated.
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1 Introduction

The phenomenon on chaos synchronization was first revealed by Pecora and Carroll [1].
Since then, a wide variety of approaches have been proposed for synchronization of
chaotic systems, which include drive-response control [1], coupling control [2, 3], feed-
back control [4–8], adaptive control [9, 10], fuzzy control [11], observer-based control [12],
manifold-based method [13, 14], and impulsive control [15–19]. Feedback controller is easy
to design, but the controller cannot adapt to the cases with unknown parameters. Adaptive
synchronization is useful for synchronization of two parameter-mismatched systems. On
the contrary, impulsive controller seems to have a simple structure, and the controller is dis-
continuous which can be useful for digital communication systems. The research works on
impulsive synchronization of [15–17] are based on the theory of comparison systems. But it
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is difficult to estimate the interval of the impulsive control for some systems using this the-
ory. The impulsive synchronization of Chua’s oscillator and a hyperchaotic circuit has been
studied in [18]. Their experimental results show that the accuracy of impulsively controlled
synchronization depends on both the period and the width of the impulse. Furthermore,
the robustness of impulsive synchronization to additive noise is also experimentally stud-
ied in [18]. Itoh et al. have also given a sufficient condition for impulsive synchronization
of continuous systems under the assumption that the synchronization errors are sufficiently
small, but this result does not hold for chaotic systems with strong nonlinearities [19].

The impulsive synchronization method is also suitable to deal with systems which cannot
endure continuous disturbance. Using this method the slave system receives the information
from the master system only in discrete times and the amount of conveyed information
is, therefore, decreased. However, this is suitable in practice because of reduced control
cost. In this Letter synchronization of the Lü chaotic system via small impulsive signal is
investigated. Here, some new and less conservative criteria are proposed to synchronize the
systems with varying impulse distances. Particularly, a simple and sufficient condition is
derived to achieve the synchronization based on equal impulse distance. The boundaries of
the stable regions are also determined. A numerical example is presented to illustrate the
feasibility and effectiveness of the method.

2 Theory of Impulsive Synchronization

In the impulsive synchronization, the master system is described by the following relation:

ẋ = f (t, x) (1)

f : R+ × Rn → Rn is a continuous function with respect to its arguments and x ∈ Rn repre-
sents the state variables. The slave system is characterized by

ẏ = f (t, y), t �= ti ,

�y = y(t+i ) − y(t−i ) = y(t+i ) − y(ti) = Bie, t = ti ,

y(t+0 ) = y0, i = 1,2,3, . . . .

(2)

f is the same function as above, y ∈ Rn is left continuous at t = ti ,Bi are n × n matrices,
and e = [e1, e2, . . . , en]T = [y1 − x1, y2 − x2, . . . , yn − xn]T. Define a discrete instant set {ti}
that satisfies t1 < t2 < · · · < ti < ti+1 < · · ·, ti → ∞ as i → ∞. ti is the discrete instant that
master signal is transmitted to the slave system. The states of the slave system are changed at
these instants in accordance to the synchronization errors. Subtracting (2) from (1), one gets
the following results for synchronization error dynamics. Since states of the master system
are continuous in time. �x will be zero at time instants ti

ė = f (t, y) − f (t, x), t �= ti ,

�e = Bie, t = ti .
(3)

The goal is to find some conditions on the control gains, Bi and the impulsive distances
τi+1 = ti+1 − ti < ∞ (i = 1,2,3, . . .) such that the slave system (2) is synchronized asymp-
totically with the master system (1) for any initial condition.
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3 The Impulsive Synchronization of the Lü Chaotic System

Here we investigate the impulsive synchronization of the Lü chaotic system [20]. The system
is described as follows:

ẋ1 = a(x2 − x1),

ẋ2 = −x1x3 + cx2,

ẋ3 = x1x2 − bx3.

(4)

The Lü chaotic system shows chaotic behavior as shown in [14] when a = 36, b = 3,
and 12.7 < c < 17.0, 18.0 < c < 22.0, 23.0 < c < 28.5, 28.6 < c < 29.0, 29.2334 < c <

29.345.
First we decompose the system dynamics to its linear and nonlinear parts. Thus (4) is

rewritten as

ẋ = Ax + φ(x), (5)

where φ(x) represents the nonlinear part of the dynamics,

A =
[−a a 0

0 c 0
0 0 −b

]
, φ(x) =

[ 0
−x1x3

x1x2

]
.

Therefore, the error dynamics in (3) can be written as

ė = Ae + ψ(x, y), t �= ti ,

�e = Bie, t = ti ,
(6)

in which

ψ(x, y) = φ(y) − φ(x) =
[ 0

−y1y3 + x1x3

y1y2 − x1x2

]
(7)

and ti are the instants that the impulsive controls are implemented.

Remark 1 To reach a stable equilibrium of (6) �e should be zero, i.e., e(t+i ) = e(t−i ). Since
Bi is full rank in general then to reach e(t+i ) = e(t−i ) or �e = 0, origin e = 0 is the unique
choice. In other words, the origin is the unique equilibrium of system (6).

Regardless of their initial conditions, chaotic systems have bounded states so that one can
find a positive number M such that |xi(t)| ≤ M and |yi(t)| ≤ M for any initial conditions.
This fact is used in proof of the following theorem.

Theorem Let βi and λ(c) be the largest eigenvalues of (I + Bi)
T(I + Bi), i = 1,2,3, . . . ,

and 0.5(A + AT), respectively. If there exists a constant ξ > 1 such that

ln(ξβi) + 2(λ(c) + M)τi ≤ 0, i = 1,2,3, . . . , (8)

then the slave system (2) will be globally asymptotically synchronous with the master sys-
tem (1).
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Proof Let the candidate Lyapunov function be in the form of

V (e) = 0.5eTe. (9)

The time derivative along the trajectory (7) is

V̇ (e) = 0.5(ėTe + eTė)

= 0.5(Ae + ψ(x, y))Te + 0.5eT(Ae + ψ(x, y))

= 0.5eT(AT + A)e − e1e2y3 + e1e3y2

≤ 2λ(c)V (e(t)) + M(|e1e2| + |e1e3|)
≤ 2(λ(c) + M)V (e(t)), (10)

t ∈ (ti−1, ti] for i = 1,2,3, . . . .

This implies that V (e(t)) ≤ V (e(t+i−1))e
2(λ(c)+M)(t−ti−1), t ∈ (ti−1, ti] for i = 1,2, . . . .

Now from (6)

V (e(t+i )) = 0.5[(I + Bi)e(ti)]T(I + Bi)e(ti)

= 0.5eT(ti)[(I + Bi)
T(I + Bi)]e(ti)

≤ 0.5βie
T(ti)e(ti) = βiV (e(ti)). (11)

When i = 1 in inequality (11), then for any t ∈ (t0, t1],V (e(t)) ≤ V (e(t+0 ))e2(λ(c)+M)(t−t0).
This leads to V (e(t1)) ≤ V (e(t+0 ))e2(λ(c)+M)(t1−t0). Also from (11) we have

V (e(t+1 )) ≤ β1V (e(t1)) ≤ β1V (e(t+0 ))e2(λ(c)+M)(t1−t0). (12)

In the same way for t ∈ (t1, t2] we have

V (e(t)) ≤ V (e(t+1 ))e2(λ(c)+M)(t−t1) ≤ β1V (e(t+0 ))e2(λ(c)+M)(t−t0). (13)

In general for any t ∈ (ti , ti+1] one finds that

V (e(t)) ≤ β1β2 · · ·βiV (e(t+0 ))e2(λ(c)+M)(t−t0). (14)

From the assumption given in the theorem we have

ξβie
2(λ(c)+M)τi ≤ 1, i = 1,2, . . . . (15)

Thus for t ∈ (ti , ti+1], i = 1,2, . . . , we have

V (e(t)) ≤ β1β2 · · ·βiV (e(t+0 ))e2(λ(c)+M)(t−t0)

= V (e(t+0 ))[β1e
2(λ(c)+M)τ1 ] · · · [βie

2(λ(c)+M)τi ]e2(λ(c)+M)(t−ti )

≤ V (e(t+0 ))
1

ξ i
e2(λ(c)+M)(t−ti ). (16)

This implies that the origin in system (6) is globally asymptotically stable or the slave system
is synchronized with the master system asymptotically for any initial conditions. By this we
conclude proof of the theorem. �

To be convenient the gain matrices Bi and the impulsive distances τi can be chosen
constant. Thus we have the following corollary.
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Corollary Suppose τi = τ > 0 and gain matrices Bi = B (i = 1,2, . . .). If there exists a
constant ξ > 1 such that

ln(ξβ) + 2(λ(c) + M)τ ≤ 0 (17)

then the slave system (2) is globally asymptotically synchronous with the master system (1).

4 Numerical Simulations

In order to demonstrate and verify the performance of the proposed method, two numerical
simulations are presented in this section. The Lü chaotic system is given in (4) where a, b

and c are the real constants. Typical phase portraits of this system are shown as Fig. 1. For
simulation purpose we choose a = 36, b = 3, c = 13.0, it is a forced dissipative system with
bounded states (M ≤ 25) as t → ∞, then

0.5(AT + A) =
[−36 18 0

18 13 0
0 0 −3

]
. (18)

Thus, λ(13.0) = 18.9015. And suppose Bi be a constant matrix

[
k 0 0
0 k 0
0 0 k

]
,

Fig. 1 Chaotic behavior obtained by integrating numerically the system (4). The parameter values are
a = 36, b = 3, c = 13, initial conditions are 0.5,1,0.5



802 Int J Theor Phys (2008) 47: 797–804

Fig. 2 Time response of the synchronization error system with k = −1.2, ξ = 3, and τ = 0.01

it is evident that β = (1 + k)2. From (17), the estimation of bounds of stable regions are
given by

0 ≤ τ ≤ − ln ξ + ln(k + 1)2

87.8030
. (19)

Figures 2 and 3 show the time response curves of synchronization error systems. For
example if k = −1.2, ξ = 3, then 0 ≤ τ ≤ 0.0241. The numerical simulation results for this
case are shown in Fig. 2. In the second simulation we choose the gain matrix Bi = B a
diagonal matrix as follows:

B =
[−1 0 0

0 −1.2 0
0 0 −0.6

]
. (20)

For this section we have β = 0.16. For ξ = 1.16, and τ = 0.01, thus condition given in (18)
is satisfied. Figure 3 shows results of the computer simulation in this case. In simulations, we
choose the parameters of system (4) as a = 36, b = 3, c = 13.0. A fourth-order Runge-Kutta
method with step size 10−5 is used. The initial conditions for driving and driven systems are
given by x(0) = (0.1,0.1,0.2)T and x̃(0) = (−0.3,−0.5,0.6)T, respectively.

Remark 2 We can see that the stable regions in this paper are simpler and bigger than in
Theorem 4 in [21].

5 Conclusion

In this paper, we have investigated the issue on the synchronization of Lü systems via an im-
pulsive method. Some simple conditions are obtained in synchronizing the systems by equal
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Fig. 3 Time response of the synchronization error system with β = 0.16, ξ = 1.16, and τ = 0.01

impulsive distances to guarantee the impulsive synchronization globally asymptotically syn-
chronous. An illustrative example has shown satisfying synchronization performance.

Acknowledgements This work was supported by the Major Program of the National Natural Science
Foundation of China (Grant No. 60574024), the Doctorate Foundation of the Ministry of Education of China
(Grant No. 20020611007).

References

1. Pecora, L.M., Carroll, T.L.: Phys. Rev. Lett. 64, 821 (1990)
2. Heagy, J.F., Carroll, T.L., Pecora, L.M.: Phys. Rev. E 52, 3240 (1995)
3. Heagy, J.F., Carroll, T.L., Pecora, L.M.: Phys. Rev. Lett. 73, 3528 (1994)
4. Peng, Z.W., Zhong, T.X.: Chin. Phys. 4, 244 (2000)
5. Zhang, J.S., Wan, J.H., Xiao, X.C.: Chin. Phys. 2, 97 (2001)
6. Li, L.X., Peng, H.P., Lu, H.B., Guan, X.P.: Chin. Phys. 9, 796 (2001)
7. Wei, R., Wang, X.Y.: Physics 8, 1210 (2004)
8. Lu, J.G.: Chin. Phys. 7, 1342 (2005)
9. Li, Z., Han, C.Z.: Chin. Phys. 6, 494 (2001)

10. Chen, S.H., Zhao, L.M., Liu, J.: Chin. Phys. 6, 543 (2002)
11. Wang, Y.N., Tan, W., Duan, F.: Chin. Phys. 1, 89 (2006)
12. Sanchez, E.N., Perez, J.P., Ricalde, L.J., Chen, G.: In: Proceedings of the 40th IEEE Conference on

Decision and Control, vol. 40, p. 3536 (2001)
13. Fang, J.Q., Hong, Y., Chen, G.: Phys. Rev. E 59, 2523 (1999)
14. Yu, X.H., Chen, G.R., Xia, Y., et al.: IEEE Trans. Circuits Syst. I: Fundam. Theory Appl. 48, 930 (2001)
15. Yang, T., Yang, L.B., Yang, C.M.: Physica D 110, 18 (1997)
16. Yang, T., Chua, L.O.: IEEE Trans. Circuits Syst. I: Fundam. Theory Appl. 44, 976 (1997)
17. Xie, W., Wen, C., Li, Z.: Phys. Lett. A 257, 67 (2000)
18. Ioth, M., Yang, T., Chua, L.O.: Int. J. Bifurc. Chaos Appl. 9, 1393 (1999)



804 Int J Theor Phys (2008) 47: 797–804

19. Ioth, M., Yang, T., Chua, L.O.: Int. J. Bifurc. Chaos Appl. 11, 551 (2001)
20. Lü, J.H., Chen, G.R.: Int. J. Bifurc. Chaos Appl. 12, 659 (2002)
21. Zhang, Y.P., Sun, J.T.: Phys. Lett. A 342, 256 (2005)


	Impulsive Synchronization of Lü Chaotic System Based on Small Impulsive Signal
	Abstract
	Introduction
	Theory of Impulsive Synchronization
	The Impulsive Synchronization of the Lü Chaotic System
	Numerical Simulations
	Conclusion
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


